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1|Introduction    

Over the time with the evolution of science it has been seen that mathematical models are helpful to 

understand real-world problems effectively. Mostly, the mathematical models are formulated in terms of 

(Differential Equations) DEs. Based on the nature of the problems, one can get different types of DEs viz. 

ODEs, coupled DEs, PDEs, and Nonlinear DEs (NDEs). To investigate the field variables various analytical 

and numerical methods can be employed. In this regard, it is observed that the complexity, and nonlinearity 

nature of the problems motivate to adopt numerical approaches to solve the same. As such, researchers use 
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Abstract 

Mathematical modelling plays an essential role in understanding numerous physical phenomena, often described by 

Differential Equations (DEs). However, handling these models, particularly when inundated with extensive data and 

inputs, poses challenges for both analytical and numerical approaches. Consequently, alternative techniques are 

sought. In this context, Artificial Neural Networks (ANNs) become valuable tool. Researchers have dedicated efforts 

to enhance ANNs capability in handling various types of DE’s such as Ordinary Differential Equations (ODE’s), 

Partial Differential Equations (PDE’s), and Nonlinear Partial  Differential Equations (NPDE’s). This pursuit has led 

to advancements in learning algorithms tailored for ANNs. Currently, the Levenberg-Marquardt (LM) learning 

technique stands out as a popular method for training ANN models. Traditional learning techniques, marked by 

complexities such as the size of the Jacobian matrix, error stability, and computational intensity, have spurred the 

development of advanced learning techniques aimed at simplifying the training process. These advancements 

necessitate a thorough analysis of various ANN techniques, providing insights into selecting the most suitable 

approach for a given system.  Consequently, the objective of this paper is systematically exploring the ANNs in 

solving mathematical models,  shedding light on their application in diverse domains. 
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few renowned approaches like shooting method, Finite Difference Method (FDM), and Finite Element 

Method (FEM) ,Finite Volume Method (FVM) to solve governing DEs numerically [1, 2, 11–13, 3–10]. The 

advantages of these methods include the transformation of DEs into algebraic equations that makes simple 

to identify the unknown field variables. Whereas, the presence of computational complexity of the system, 

real time data sets, variations in input parameters, and training data sets finds difficult to apply only numerical 

approaches. Hence, there is an essence of alternate technique for the same. 

In this context, Artificial Neural Networks (ANNs) offer a promising solution to the governing DEs. The 

concepts of ANN are inspired from the biological neural network. Initially, ANNs was proposed by Walter 

Pitts and Warren McCullough [14] in 1943. ANN was first introduced in biological science and then adopted 

in various other fields. The beauty of ANN is its architecture and computational structure that is mimicked 

as the human brain. Current trends show majority of academic publication based on AI, particularly Neural 

Networks. As such, the applications of ANN can be seen in various fields viz. banking and finances [15], 

health care [16], [17], safety [18], and entertainment [19] etc. 

Furthermore, deep study on ANN and its applications reveals that ANN can be used to solve various 

mathematical models governed by DE that can give reliable solutions for the involved field variables. In this 

regard, [20] introduced a new method that approximates the solution of the DEs by a trial function. Here, 

the trial solution is a hybridization of an approximation to a neural network that would not depend on the 

boundary or initial conditions, with the other that satisfies the boundary or initial values. This approach is 

applicable for single ODE to systems of coupled ODEs as well as PDEs. In [21], the author presented an 

innovative approach for solving PDEs with complex boundary geometries using ANN. It utilizes a 

combination of both Radial Basis Function (RBF) networks and Multilayer Perceptron (MLP) to accurately 

satisfy the boundary conditions.  

In [22], the author introduces a new approach for solving DEs using unsupervised Feed Forward Neural 

Networks (FFNs). The method has been successfully solved to a chemical engineering such as non-steady 

fixed bed non-catalytic solid-gas reactor problem. In [23] the authors introduce a new method that integrates 

optimization techniques and neural networks to address high-order ODEs. By combining FFNs with the 

Nelder-Mead optimization technique, this method achieves improved approximations to ODE solutions 

without the need for predefined discretized points. The method presented in [24] solves an extensive range 

of ODEs and PDEs using neural networks constructed through linguistic based evolution of the variables. 

The method combines evolutionary algorithms with local optimization to create and enhance the defined trial 

solutions. Whereas, in [25], authors investigate an evolutionary computational technique that employs neural 

networks as universal approximators to solve initial value problems in ODEs. It offers the advantage of 

delivering approximate solutions across a continuous finite time domain, potentially reducing time and space 

complexity. In [26], The researcher introduced the length factor ANN method with the aim of tackling 

complex PDEs. This method was subsequently expanded to handle coupled systems of PDEs like the Navier-

Stokes equations. This approach offers advantages over traditional continuous approximate solutions while 

automatically satisfying boundary conditions.  

In [27], authors introduced a Regression-Based Algorithm (RBA) for solving ODEs with initial conditions 

using a FFN approach. This technique combines arbitrary (Random) and regression-based initial weights for 

the nodes within the hidden layer. The number of hidden nodes is determined by the polynomial degree 

utilized during the regression fitting process. This method is straightforward, computationally efficient, and 

shows promise for a variety of applications. In [28], the authors introduce a method to solve ODEs using a 

Regression-Based Neural Network (RBNN) approach. This method takes a trial solution combining a fixed 

term satisfying initial or boundary conditions and an RBNN-based term with adjustable parameters. It 

demonstrates higher accuracy and faster training compared to traditional ANN methods. In [29] the 

researchers mentioned that there is a limited literature on the selection of the loss function and network 

hyperparameters and their impact on the quality of numerical solutions. Consequently, they conducted a series 

of numerical experiments to evaluate the effectiveness of various loss functions in solving DEs. Authors [30] 

have introduced a novel method to address second-order nonlinear ODEs of Lane-Emden type, which are 
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recognized as singular initial value problems. This approach employs Chebyshev Neural Network (ChNN) 

models, utilizing a single-layer network. The network parameters are adjusted to reduce the loss function 

without employing optimization methods, through the utilization of an unsupervised error backpropagation 

method. This approach is applied to both homogeneous and non-homogeneous Lane-Emden equations, 

which hold significance in astrophysics and mathematical physics. Then the authors [31] introduced a novel 

approach employing a single-layer ChNN with regression-based weights for ODEs. In this ChNN model, the 

hidden layer is substituted with a functional expansion block utilizing Chebyshev polynomials. In [32], the 

authors introduce a stochastic approach for solving nonlinear fractional order Riccati DEs employing a 

combination of FFN and heuristic computational algorithms based on Particle Swarm Optimization (PSO). 

Whereas in [33], researchers discussed a new approach for solving initial value problems of fractional order 

DEs. This approach utilizes neural networks constructed from adjustable cosine basis functions. This method 

is applied for both single and coupled fractional DEs, giving numerical solutions through iterative training of 

the networks. In addition, many researchers [34–48] gave their contributions in solving fractional DEs, and 

PDEs by using neural networks. 

The above literature reveals various approaches that can be used to investigate DEs through ANN. But, 

further studies on this silver lining area witness many developments in connection with various optimization 

techniques that provide computational efficient solutions. The common idea of implementing optimization 

in ANN is to represent the loss function in terms of objective function that need to be minimized. Researchers 

have significantly contributed potential approaches for the same. Few of the research works are discussed in 

[49–54]. Here primarily authors have used gradient approaches viz. steepest descent and Newton method to 

the minimize the loss function with ANN. The main contribution of optimization techniques lies in the 

training process for ANN as a powerful first-order and second-order algorithm. The first-order algorithm 

[55] is the Error Back Propagation (EBP) algorithm, which was introduced in 1986. However, EBP has low 

training efficiency and is iteratively most expensive in real applications. Second-order algorithms like the 

Levenberg-Marquardt (LM) algorithm and the Gauss-Newton algorithm [45], [46] offer advantages in terms of 

execution time and computational efficiency.  

The LM algorithm stands out as one of the most effective training algorithms for ANN. It integrates elements 

of both the Steepest Descent and Newton’s algorithms, particularly effective for small and medium-sized 

patterns. In this regard, many researchers have been modified the LM algorithm for better results and 

accuracy. The authors [56] introduced a new method for optimizing the LM algorithm. This technique divides 

a Jacobian matrix and distributes it to all neurons. By using this method, the computational complexity of the 

traditional variants is reduced and parallel computations are made possible. As a result, it reduces the huge 

computational complexity that arises when employing large networks and training sets. The author [57] 

introduced a technique to enhance the stability and boundedness of the errors and weights during the learning 

process of ANN. It improves the performance of neural network models across various applications. The 

authors [58] introduced an improved computation LM method for training neural networks. By eliminating 

the need to store and multiply large Jacobian matrices, it reduces memory requirements and computation 

time. As mentioned earlier, a detail study of ANN with mathematical modelling and basic architecture of the 

same is presented here. 

The rest of the paper is structured as follows. Section 2 discussed the fundamentals of the ANN and their 

structures, including various activation functions, Section 3 analyses various research articles for solving DEs 

with neural networks, Section 4 discusses the various computational modifications of LM algorithm and 

finally, section 5 discusses the conclusion of it. 

2|Artificial Neural Network 

ANN is computationally inspired by the function and structure of human neural networks in the brain. It is 

a subfield of Machine Learning (ML) models to recognize patterns and relationships within data and ML is a 

subpart of Artificial Intelligence (AI), as shown in Fig. 1 [59]. The very essence of ANN lies in the use of AI 
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and automated systems with learning. To understand it one need to know the motivation behind the ANN 

and related benchmark works. As such, in the following subsections the insights of ANN are discussed. 

Fig. 1. The orientation of ANN in AI. AI: Artificial Intelligence, ML: Machine 

Learning, ANN: Artificial Neural Network, DNN: Deep Learning Neural 

Network. 

 

ANNs began in the mid-20th century. Then significant developments have occurred over several decades in 

ANN. Initially, the concept of artificial neurons was introduced by Warren McCulloch & Walter Pitts in 1943 

[14]. They proposed a neuron that is a simplified model of the biological neuron. As a result, it formed the 

basis for later developments in neural networks. The perceptron concept was developed by Frank Rosenblatt 

in the year 1957 [60]. The perceptron, featuring a single-layer neural network, showcases its capability to learn 

simple patterns and perform decision-making based on input data. It is capable of performing binary 

classification tasks. In this context, in 1957 Frank Rosenblatt proved the perceptron convergence theorem 

[61]. If the data is linearly separable it converges to a solution. However, it has limitation to handle nonlinearly 

separable data. Further, in timeline, the period from1970s-1980s called neural network winter because the 

researchers were not very interested in neural networks to solve complex problems.  

In 1986, D. Rumelhart, G. Hinton, and R. Williams reintroduced neural networks and introduced 

backpropagation algorithm [55]. It effectively calculates the gradients of the error function with respect to the 

network parameters. The development of backpropagation led to increased interest in neural networks for 

many researchers. Hence, various architectures, activation functions, and training methods were explored, 

leading to improved performance and scalability. As a result, the period from 1980s-1990s is known as the 

rebirth of neural networks [55, 62, 63]. In the 1990s, other ML techniques like kernel methods and Support 

Vector Machines (SVMs) also emerged as powerful alternatives to classification and regression tasks. From 

the 2000s to the present, advances in big data, powerful GPUs, and computational resources led to new 

interest in deep learning and neural networks. Researchers have developed deep neural networks with many 

layers. These advancements have propelled progress in natural language processing, computer vision, speech 

recognition, and various other fields. Recent years have developed advanced ANN architectures viz. recurrent 

neural network (RNN) for sequential data, Convolutional Neural Networks (CNN) for image processing, etc. 

The significant transformation of ANN is shown in Fig. 2. 
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Fig. 2. Historical development of artificial neural network. 

 

2.1|Structure of Artificial Neural Network 

ANNs consist of interconnected neurons which is also known as nodes or units. It is organised by layers. The 

primary layers of ANN viz. input, hidden, and output layers. The input layer is the initial one that receives 

data and transmits it to subsequent layers within the network. The hidden layers lie between the output and 

input layers. Here most of the computation occurred in the ANNs. The number of hidden layers and their 

neurons in each hidden layer depend on the complexity of the given problem and the architecture of the 

ANN. The processing of inputs is performed in this layer. The final layer is the output layer. It produces final 

output of the ANN. The number of neurons depends on the nature of the problem. Different architectures 

are included in ANN like FFNs, RNNs, Generative Models (GM), CNN, Modular Neural Networks (MNNs), 

Hybrid Neural Networks (HNNs), autoencoders, and etc. [64–70]. Fig. 3 shows the different types of ANN. 

Fig. 3. Different types of artificial neural network. 

The study shows ANN is best suitable for optimization problems. One of the types of ANN that is FFNs is 

well-known in researchers. The FFNs have consisted of various architectures such as MLP, Fully Connected 

Multilayer Perceptron (FCMLP), and Fully Connected Cascade networks (FCCs) as shown in Figs. 4-6 

respectively. MLP is the most common architecture. Each layer of MLP is connected to the previous layer. 

FCMLP is similar to MLP but each layer of this network is interconnected with all preceding layers as well as 

the network inputs with the same neurons. It contains a greater number of weights. FCCs follow the same 

pattern as the FCMLP network but it has only a single neuron in each layer except the input network [56]. 
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Fig. 4. Multilayer perceptron. 

Fig. 5. Fully connected multilayer perceptron. 

Fig. 6. Fully connected cascade networks. 

2.2|Mathematical Formation of Artificial Neural Network 

In the FFN, the mathematical notation represents the information from the input through multiple hidden 

layers to generate the output. Each layer, except the input layer, which directly receives the data, involves a 

matrix multiplication and addition operation. The input data, denoted as 𝒳 = 𝓍𝒿 = {𝓍1, 𝓍2, 𝓍3, … , 𝓍𝓃}, is 

passed through successive layers 𝒿 with associated weight matrices 𝒲𝒿 and bias vectors 𝒷𝒿 = {𝒷1, 𝒷2, … , 𝒷𝓃}. 

The computations at each layer perform a linear transformation which involves calculating a weighted sum 

of inputs 𝓏𝒿 = (𝓍𝒿 ∗ 𝒲𝒿) + 𝒷𝒿 and applying an activation function ℊ(𝓏𝒿) to generate the output. This process 

persists through the hidden layers until it reaches the output layer, which is producing the final result. During 

training, these weights and biases are iteratively modified using optimization techniques to minimize the 

difference between predicted and actual outputs. It can be expressed in Eq. (1). 

e = 𝓎 − 𝒹, (1) 
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Where e is the loss function, 𝓎 is the actual output and 𝒹 is the predicted output of ANN. 

2.3|Activation Functions 

In ANNs, the activation function play an important role. It introduces non-linear mappings between the initial 

and last layer of each neuron. This non-linearity enables ANNs to learn and represent complex relationships 

within the data. Activation functions also help in gradient-based optimization during the training of neural 

networks. They introduce derivatives that are used to update parameters through backpropagation, allowing 

the network to learn and modify its parameters to minimize the errors. In this regard, various activation 

functions used in ANNs based on the specific requirements and nature of the problem [71], [72] as shown in 

Fig. 7. 

Fig. 7. Various activation functions. 

We can see a few activation functions that are commonly used in the ANN as follows: 

2.3.1|Linear activation function 

The linear activation function is the simplest activation function that is a straight-line. It is the direct 

proportional to the input data lies between −∞ to ∞. Mathematically, the linear activation function can be 

defined as. 

The main important characteristic of the linear activation function is that it maintains linearity. This means 

that the output of the function grows linearly with the input. It is commonly used in the last layer of the 

regression models. 

2.3.2|Sigmoid activation function 

The sigmoid function is also called the logistic function [73]. Sigmoid activation function is a mathematical 

formula that takes an input, which is often the weighted sum of inputs and it reduces into a range between 0 

and 1. This is helpful in many ML models, particularly those involving binary classification and probability 

prediction. The formula for the sigmoid function can be defined in Eq. (3). 

Where e is Euler's number and the base of the natural logarithm, 𝓏 is the input of the given function. It can 

be shown in Fig. 8. 

f(𝓏) = 𝓏. (2) 

f(𝓏) =
1

1+e−𝓏. (3) 
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Fig. 8. Sigmoid activation function f(𝓏). 

The primary benefit of the sigmoid function lies in its ability to normalize values within neural networks while 

ensuring boundedness. However, it has some drawbacks like the gradient vanishing issue, being 

computationally costly, and not centering its output on zero, making optimization harder, particularly in deep 

neural networks [74], [75]. A few improvements of sigmoid function is shown in the Table 1. 

 

 Table 1. Modifications in sigmoid function. 

 

 

 

 

 

 

 

 

 

2.3.3|Tanh function (Hyperbolic tanget) 

The tanh function is widely employed in ANNs. It resembles the sigmoid function but compresses the range 

between -1 and 1. Mathematically, it can be defined as follows: 

Tanh activation function is zero centric function which means that when one gives zero input, it gives zero 

output, and it is a smooth gradient converging function. However, it faces a similar problem of sigmoid 

function such as for extremely big or small numbers, it does not change much. In comparison to the sigmoid, 

the tanh function performs better, as shown in Fig. 9. 

A few improvements of the tanh activation function are shown in the Table 2. 

 

 

 

 

 

Name Mathematical Formula Range 

Bipolar-sigmoid activation 
function [76], [77] 

F(𝓏) =
1−e−𝓏

1+e−𝓏 . 
[-1,1] 

Elliott activation function [78], 
[79]  

f(𝓏) =
0.5𝓏

1+|𝓏|
+ 0.5. [0,1] 

Parametric sigmoid activation 
function [80] 

f(𝓏) = (
1

1+e−𝓏)
𝓂

. 𝓂 ∈
(0,∞). 

An improved logistic sigmoid 
function [81] f(𝓏) = {

α(𝓏 − a) + Sigmoid(a), 𝓏 ≥ a,

Sigmoid(𝓏) ,                  − a < 𝓏 < a,

α(𝓏 + a) + Sigmoid(a), 𝓏 ≤ a,

 . 

[−∞,∞]. 

Scaled sigmoid function [82] 
f(𝓏) =

4

1 + e−𝓏
− 2 

[-2,2] 

f(𝓏) =
e𝓏−e−𝓏

e𝓏+e−𝓏. (4) 
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Fig. 9. Tanh Activation function 𝑓(𝓏). 

Table 2. Modifications in the tanh activation function. 

 

2.3.4|Rectified linear unit activation function 

The Rectified Linear Unit (ReLU) function is the commonly used neural network model. It can be defined as 

follows: 

The derivative of the ReLU function is zero when 𝓏 < 0, unity when 𝓏 > 0, and at 𝓏 = 0, the derivative is 

undefined. The ReLU function ranges from [0,∞). Unlike tanh and sigmoid, the implementation of ReLU is 

very easy. Graphically it has been shown in Fig. 10. 

 

Fig. 10. Rectified linear unit activation function 𝐟(𝔃). 

The derivative of the ReLU function is not always fixed at 0 or 1. Instead, it depends on the input value. For 

negative inputs, the derivative is 0, and for positive inputs, it is 1. However, the function is not differentiable 

when the input is 0. 

Name Mathematical Formula Range 

Scaled hyperbolic tangent function 
[62] 

f(𝓏) = 𝒜 tanh(𝒮𝓏), 

𝒜 = the amplitude of the function, 𝒮 = the slope at 
the origin. 

[−𝒜,𝒜]. 

Hexpo function [83] 
f(𝓏) = ൝

−ae(−
𝓏

b
) − 1, 𝓏 ≥ 0,

ce(−
𝓏

d
) − 1, 𝓏 < 0,

 , 

where a, b, c, and 𝑑 are the constants. 

[−c, a]. 

Penalized hyperbolic tangent 
function [84] 

f(𝓏) = ൜
tanh 𝓏 , 𝓏 ≥ 0,
a tanh 𝓏 , 𝓏 < 0,

 , 

where a is the constant. 
[−a, 1]. 

f(𝓏) = {
0, 𝓏 ≤ 0
𝓏, 𝓏 > 0

. (5) 
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The ReLU function also faces certain limitations, with one of the primary concerns being the "dying ReLU" 

problem [85], [86] which means that neurons get stuck at a certain point. It causes the output to be zero for 

all inputs. Therefore, it makes the neurons "dead" and does not contribute to the learning process. Some 

improvements of the ReLU activation function are illustrated in the Table 3. 

Table 3. Modifications in the rectified linear unit activation function. 

 

 

 

 

 

 

 

 

 

  

 

2.3.4|Softmax activation function 

The SoftMax activation function is also known as the normalized exponential function or soft argmax. It is 

often used in the output layer of the ANNs. It measures or converts the numbers or logits into probability 

distribution of possible outcomes. The SoftMax’s output is a vector with the probability distribution of each 

possible outcome or class. Generally, it can be defined as follows: 

where 𝒾 = 1, 2, … 𝓃. 

3|Comprehensive Survey of Artificial Neural Network for Differential 

Equations 

ANNs can provide a promising solution for DEs by utilizing its capacity for function approximation and 

data-driven learning. ANNs can directly satisfy complex functions related to DEs, unlike traditional numerical 

methods. It can produce better approximate solutions for unseen inputs by training ANNs on datasets 

containing input-output of DE solutions. ANNs are a universal function approximator. Thus, they can 

effectively capture the complexity of DE solutions. Moreover, its adaptive nature allows them to adjust 

internal variables during training. Hybrid approaches provide additional opportunities for improving accuracy 

and efficiency in solving DEs. The various hybrid approaches are summarized in the Tables 4-7. 

Table 4. Important literatures on ordinary differential equation based on artificial neural network. 

Name Mathematical Formula Range 

Leaky ReLU [85] 
f(𝓏) = {

α𝓏, 𝓏 ≤ 0
𝓏, 𝓏 > 0

, 

where α is a small positive constant. 
(−∞,∞). 

Concatenated ReLU (CReLU) function [87] 
f(𝓏) = [ReLu(𝓏), ReLu(−𝓏)]. [0,∞). 

Dual ReLU function [88] 
f(𝓏) = max(0, a) − max(0, b), 

where 𝑎 and 𝑏 are the inputs (−∞,∞). 

 
Randomly translated ReLU function [89] 

f(𝓏) = {
𝓏 + α, 𝓏 + α > 0

0, 𝓏 + α ≤ 0
, 

where 𝛼 is a random sample. 
[0,∞). 

 
Natural-Logarithm ReLU function [90] 

f(𝓏) = log(βmax(0, 𝓏) + 1), 

where the β is a constant. 
[0,∞]. 

 
Average Biased ReLU function [91] 

f(𝓏) = ൜
𝓏 − β, 𝓏 − β ≥ 0

0,  Otherwise
, 

where the β is a constant. 

[0,∞). 

f(𝓏𝒾) = 
e𝓏𝒾

∑ e
𝓏𝒿n

𝒿=1
 , (6) 

Year Author(s)  Model Remark 

1990 Hyuk Lee, In 
Seok Kang [92] 

Neural minimization 
algorithms-continuous 
& discrete case 

Using nonlinear thresholding and other neural 
network concepts, this technique can solve a variety of 
DEs which was achieved by using electronic 
processors for low-order DEs, but optical 
implementation is preferred for higher-order DEs due 
to increased complexity. 
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Table 4. Continued. 

Year Author(s)  Model Remark 

1994 Meade Jr and 
Fernandez [93] 

FFNs-piece wise linear 
activation function 

It can directly construct FFNs for approximating 
nonlinear ODEs without traditional training. The 
method utilizes a piecewise linear activation function, 
leading to a linear storage. It can monotonically 
decrease approximation errors by increasing more 
hidden layer neurons. 

1994 Meade Jr and 
Fernandez [94] 

FFNs-the Hard Limit 
Transfer Function 
(HLTF) 

Authors constructed FFNs for approximating linear 
ODEs directly and noniteratively. This method utilizes 
a HLTF, leading to a linear storage and processing 
time, and quadratically decreasing errors with a greater 
number of hidden layer neurons. 

1997 Lagaris et al. [95] MLP This article presents a novel approach using ANNs to 
solve eigenvalue problems of ODESs, PDEs, and 
integro DEs, primarily within the domain of Quantum 
Mechanics. By employing MLP for parametrization, 
collocation methods for error formulation, and 
optimization procedures, this method demonstrates 
high accuracy, efficiency, and applicability across 
various dimensionalities and complexities. 

1998 Lagaris et al. [96] MLP & RBF This article presents a method for solving PDEs with 
Dirichlet boundary conditions on complex and 
irregular boundaries. This method employs a 
combination of MLP and RBF.  The approach 
demonstrates the ability to produce accurate and 
differentiable solutions that satisfy boundary 
conditions at selected points.  It presents a promising 
method for solving PDE problems with complex 
boundaries and has potential applications in various 
scientific fields. 

2002 Valasoulis et al. 
[40]  

MLP Authors introduces a method using ANNs for solving 
ODEs and PDEs. This approach involves 
representing the trail solution as a combination of two 
parts that is one part satisfies initial/boundary 
conditions, while the other part utilizes a FFNs whose 
weights are adjusted to solve the equation. The use of 
neural networks offers advantages such as a 
differentiable and easily usable solution format, 
excellent generalization properties, and compact 
models requiring minimal memory. The focus of the 
work is on implementing this method on two digital 
signal processors, enabling real-time solutions to 
challenging differential equation problems in various 
engineering applications. 

2003 Parisi et al. [22] FFNs and sigmoid 
activation function. 

In this article, the authors introduce a new approach 
for solving DEs using unsupervised FFNs. The 
technique has effectively been employed to address a 
non-steady fixed bed non-catalytic solid-gas reactor 
problem in chemical engineering. It offers advantages 
such as efficient evaluation at any point in the domain 
and compact mathematical expressions, making it 
suitable for optimization and control tasks. The 
comparison with the traditional method like Runge-
Kutta method, shows equivalent solutions, but neural 
network produces better efficiency in terms of time 
and memory. 

2006 Malek and 
Beidokhti [23] 

Feed forward neural 
networks-Sigmoid 
activation function 

It combines Nelder-Mead optimization method and 
neural networks for solving high ODEs without 
predefined discretized points. Also, this method is 
used to solve for complex mathematical problems. 
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Table 4. Continued. 

Year Author(s)  Model Remark 

2008 Fojdl et al. [45] FFN and total least 
mean square error 
(TLMSE) 

This study investigates the trade-off between standard 
numerical integration methods for solving ODEs and 
neural network-based approximations. It addresses the 
need for faster computational methods, especially in 
applications like real-time physics engines and weather 
forecasting. This research explores the error rates and 
resource requirements of both approaches, 
considering factors such as computation time and 
memory usage. The findings suggest that the choice 
between ODEs and neural networks depends on 
available resources and the specific problem at hand.  

2009 Junaid et al. [26] FFNs This paper presents an evolutionary computing 
technique that employs neural networks as universal 
approximators to solve initial value problems in 
ODEs. The adaptive parameters within the neural 
networks are fine-tuned through optimization utilizing 
a Genetic Algorithm (GA). The approach offers a 
continuous grid of time for solution, in contrast to 
discrete methods used in classical numerical 
techniques. 

2011 Otadi et al. [97] Multi-layer FFNs with 
Sigmoid activation 
function 

It combines neural networks and soft computing to 
solve quadratic Riccati DEs, especially within the 
initial neighbourhood. The advantage of this method 
lies in its ability to offer accurate and generalized 
solutions compared to existing numerical techniques. 

2011 Ibraheem and 
Khalaf [98] 

Combination of FFN & 
shooting method. 

This method combines Neural Networks, integration, 
and interpolation techniques to tackle boundary value 
problems (BVPs) in ODEs, primarily emphasizing the 
principle of backpropagation. 

2013 Mall and 
Chakraverty [27] 

FFN, backpropagation 
& RBA 

It introduced a RBA for solving ODEs with initial 
conditions using a FFN approach. It utilizes both 
arbitrary (random) and regression-based initial weights 
for the neural network’s neurons in the hidden layer. 
The number of neurons is determined by the degree of 
the polynomial in the regression fitting. 

2013 Tawfiq and 
Hussein [99] 

FFN back propagation-
various learning 
algorithms 

This method is employed to address second-order 
singular boundary value problems within ODEs using 
FFN backpropagation, employing a range of learning 
algorithms including quasi-Newton, LM, and Bayesian 
Regulation. It has been observed that LM gives better 
results than others. 

2014 Mall and 
Chakraverty [30] 

ChNN, FFN 
backpropagation 

A ChNN-based model was utilized to solve both 
homogeneous and non-homogeneous Lane-Emden 
equations. In this context, an unsupervised error 
backpropagation algorithm is employed to minimize 
the loss function and update the network weights 
without using optimization methods 

2014 Chakraverty and 
Mall [28] 

FFNs-unsupervised 
backpropagation. 

The authors propose a technique for solving ODEs 
through a RBN methodology. The trial solution 
consists of two components: the first part boundary 
/initial conditions without adjustable weights and 
biases, while the second part involves an RBN-based 
component with adjustable parameters 
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Table 4. Continued. 

 

Given that PDEs form the foundation of numerous real-world problems, their thorough scientific 

examination amidst varying datasets is imperative. Consequently, researchers have documented diverse and 

intriguing methods and findings employing ANNs. Table 5 presents a comprehensive discussion of 

noteworthy contributions in this field. 

 Table 5. Some of the important literatures on partial differential equation based on artificial neural network. 

Year Author(s)  Model Remark 

2016 Mall and 
Chakraverty 
[100] 

Functional Link ANN 
(FLANN), FFN 
backpropagation 

The authors presented an innovative approach to 
address initial and boundary value problems associated 
with fractional DEs, employing a single-layer Legendre 
Neural Network (LeNN) model. This proposed 
method employs Legendre polynomial-based 
FLANNs to handle nonlinear singular boundary and 
initial value problems as well as systems of coupled 
ODEs. Through the expansion of the input pattern 
with Legendre polynomials, the hidden layer is 
eliminated.  This method uses the error 
backpropagation algorithm for updating parameters. 

2020 Chakraverty and 
Mall [31] 

 ChANN, FFN-
Unsupervised 
backpropagation 
algorithm. 

The authors introduced a novel approach using a 
regression-based weights and single-layer ChANN to 
solve ODEs. The ChANN model substitutes the 
hidden layer with a functional expansion block 
utilizing Chebyshev polynomials. 

2021 Okereke et al. 
[101] 

FFN through MLP The author concentrates on employing ANNs to 
tackle the initial conditions of first- and second-order 
linear constant coefficient ODEs. A feed-forward 
multilayer perceptron is utilized; however, the standard 
backpropagation process for weight updates is 
avoided. 

Year Author and Reference Model Remark 

1998 Lagaris et al. [96] MLP & RBF The article presents a method for solving PDEs with Dirichlet 
boundary conditions on complex and irregular boundaries using a 
combination of MLP and RBF.  This approach is shown to yield 
accurate and differentiable solutions that satisfy boundary 
conditions at selected points. It presents a promising method for 
addressing a wide range of PDE problems characterized by 
complex boundaries, holding potential for applications across 
various scientific domains.  

2000 Isaac et al. [21] ANNs: MLP 
and RBF 

This article introduces a novel method for tackling PDEs featuring 
complex boundary geometries, encompassing Dirichlet and 
Neumann boundary conditions, leveraging ANNs. It utilizes a 
combination of MLP and RBF networks to accurately satisfy the 
boundary conditions. This approach has significant advantages, 
including differentiability, superior interpolation capabilities, a small 
number of parameters, and the potential for efficient 
implementation on parallel computers or specialized hardware like 
neuro-processors. Hence, this method presents a valuable tool for 
solving PDE with complex geometries. 

2001 Aarts and Van Der Veer 
[102] 

FFNs This article presents a technique for addressing PDEs along with 
their corresponding boundary or initial conditions, employing 
neural networks. This method utilizes the approximation 
capabilities of single-hidden-layer FFNs featuring a linear output 
layer, enabling the approximation of arbitrary functions and their 
derivatives. 
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Table 5. Continued. 

Year Author and Reference Model Remark 

2002 Valasoulis et al. [40]  MLP The authors introduce a method for solving ODEs 
and PDEs through ANNs. This approach involves 
representing the solution of two terms: first term 
satisfies initial/boundary conditions, while the other 
term utilizes a FFNs whose weights are adjusted to 
solve the equation. It offers some advantages such as 
a differentiability and easily usable solution format, 
excellent generalization properties, and compact 
models requiring minimal memory.  

2009 Shekari Beidokhti and 
Malek, [103] 

FFNs It introduces a hybrid approach for tackling time-
dependent PDEs alongside their initial and boundary 
conditions employing ANNs. This method 
combines ANNs, minimization methods, and 
collocation methods to determine an accurate 
approximate solution in closed analytical form.  
Unlike some previous approaches that use neural 
networks to approximate solutions, this method 
focuses on novel trial functions to simplify the 
problem and minimize the need for domain 
discretization. 
It demonstrates the ability to solve high-order two-
dimensional PDEs and offers advantages such as 
generality, fast evaluation, and applicability to initial 
and boundary value problems. 

2015 Rudd and Ferrari [104] Constrained 
Integration (CINT) 
method-ANN and 
Galerkin method 

The authors present a novel CINT method for 
solving boundary and initial value PDEs through the 
utilization of ANNs and the Galerkin method. The 
CINT method offers advantages such as applicability 
to irregular domains, high convergence rates, and 
reduced computational time when compared to 
traditional FEM.  This method is especially effective 
for hyperbolic PDEs with Dirichlet and Neumann 
boundary conditions.  However, it may not be 
suitable for problems with sharp gradients or 
discontinuities. 

2018 Berg and Nystrom [105] Deep feed forward 
ANNs 

The authors propose a method employing deep 
feedforward ANNs to approximate solutions for 
complex PDEs within intricate geometries. This 
method adapts the backpropagation algorithm to 
compute partial derivatives, facilitating the 
approximation of the differential operator. This 
method is applicable to high-dimensional problems, 
complex domains and benefits from using DNNs 
with increased hidden layers to achieve faster 
convergence. 

2019 C. Anitescu, E.  
Atroshchenko, N. 
Alajlan, and T. Rabczuk, 
[106] 

ANNs It gives an adaptive collocation strategy combined 
with ANNs to solve PDEs. The primary aim is to 
enhance the robustness of neural network 
approximations for PDE solutions, especially in 
cases involving non-smooth regions. The method is 
mesh-free and offers promising results for solving 
2nd order boundary value problems like Helmholtz 
equations and Poisson's. However, further research 
is needed to explore convergence properties, 
parameter tuning, and the applicability to energy 
minimization formulations of DEs.  
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From the extensive study it has also been seen that many ANN based approaches that can deal both ODEs 

and PDEs. Table 6 highlights a selection of pertinent studies focusing on ODEs and PDEs utilizing ANN 

methodologies. 

Table 6. Some of the important literatures on ordinary differential equation and partial differential 

equation based on artificial neural network. 

 

Besides ODEs and PDEs, it is observed that fractional order DEs often arise due to the inherent nature of 

certain problems. Therefore, Table 7 presents significant research endeavours centred around fractional-order 

DEs employing ANN. 

 

Year Author and Reference Model Remark 

1998 Lagaris et al. [20] FFNs and sigmoid 
activation function 

This article presents a technique for addressing 
initial and boundary value problems ranging from 
single ODEs to systems of coupled ODEs and 
PDE problems utilizing ANNs. The trial solution 
is expressed as the two parts. The first part satisfies 
the initial and boundary conditions while the 
second term satisfies the FFNs with adjustable 
parameters. The use of neural networks gives this 
method an advantage. The solution provided by 
ANNs is in a differentiable, closed analytic form, 
low memory space.  

2003 Parisi et al. [22] FFNs and sigmoid 
activation function. 

In this article, the author introduces a novel 
approach for solving DEs utilizing unsupervised 
FFNs. The method is applied to a non-steady fixed 
bed non-catalytic solid-gas reactor problem in 
chemical engineering. This method offers 
advantages such as efficient evaluation at any point 
in the domain and compact mathematical 
expressions, making it suitable for optimization 
and control tasks. The neural network gives 
efficiency in terms of memory and time. 

2019 Liu et al. [107] ANN and 
automatic 
differentiation 
(AD). 

This paper explores the use of ANNs and AD 
techniques for approximating and solving ODEs 
and PDEs. This approach is applied on various 
DEs, demonstrating high accuracy and universal 
applicability for ODEs and positive results for 
certain PDEs. This paper discusses the potential of 
NNs as universal solvers for ODEs and PDEs. 
This approach offers advantages such as handling 
complex geometries and providing differential 
information.  Challenges such as handling 
boundary conditions and computational efficiency 
are acknowledged, with future work focused on 
improving accuracy and addressing these 
challenges. The potential for using NNs in fluid 
experiment data analysis is also discussed. 

2021 Panghal and Kumar [108] FFNs The authors introduce an efficient approach using 
the extreme ML algorithm to solve ODE and 
PDEs with NNs. It eliminates the need for time-
consuming optimization and trial function 
construction.  The method provides analytic 
solutions, generalizes well with few data points, and 
handles various boundary conditions.  
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Table 7. Continued. 

Year Author and Reference Model Remark 

2011 Raja et al. [32] FFNs with heuristic 
computational 
algorithm. 

In this research paper, the author introduces a 
stochastic technique for solving nonlinear 
fractional order Riccati DEs using a combination 
of FFNs and heuristic computational algorithms 
based on PSO and simulated annealing. This 
method is shown to effectively handle both 
integer and fractional order equations, offering 
improved optimization compared to existing 
stochastic solvers like Simulating Annealing (SA), 
GA, GA hybridized with SA (GA-SA), PSO, and 
PSO hybridized with SA (PSO-SA). This method 
proves reliable and applicable to complex 
nonlinear equations, showcasing its potential for 
solving challenging problems. 

2015 Raja et al. [34]  ANNs through 
FFNs and 
Sequential 
Quadratic 
Programming 
(SQP) 

The authors introduce a method using ANNs 
and SQP to solve nonlinear fractional order 
Riccati DEs. This method demonstrates on 
various initial value problems, showing its 
accuracy when compared to exact solutions and 
other numerical methods based on Adams–
Bashforth–Moulton method with a higher degree 
of accuracy. This method is showcased across a 
range of initial value problems, illustrating its 
accuracy through comparison with exact 
solutions and other numerical methods 
employing the Adams–Bashforth–Moulton 
technique, offering higher degree precision. This 
method shows good results in terms of accuracy 
and computational efficiency 

2015 Haidong Qu and 
Xuan Liu, [33] 

FFNs based on 
cosine function. 

This paper presents a new approach using ANNs 
constructed from adjustable cosine basis 
functions for solving initial value problems of 
fractional order DEs. This method is applied for 
both single and coupled fractional DEs, giving 
numerical solutions through iterative training of 
the networks.  This technique proves useful for 
complex problems with applications in various 
interdisciplinary fields. This method shows better 
accuracy and convergence properties through 
computer graphics. This approach offers a 
powerful tool for fractional order DEs and able 
to fractional order PDEs as well. 

2017 Jafarian et al. [35] FFNs with 
backpropagation 
learning algorithm 

This research paper introduces an approach for 
solving fractional-order initial value problems 
efficiently with the combination of ANNs and 
the power series method. This method 
transforms the DE into a minimization problem 
and uses a three-layer FFNs to find the 
coefficients of the power series. This technique 
demonstrates promise in approximating solutions 
for fractional order DEs. However, this methods 
efficiency depends on careful parameter 
selection. The approach is compared to existing 
methods and shows potential for broader 
applications in solving complex fractional-type 
problems. 
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4|Levenberg-Marquardt Algorithm with Neural Networks 

The LM algorithm is a nonlinear optimization method and utilizing an iterative process that takes advantage 

of both Newton’s method and gradient descent method. Its primary objective is to minimize the error 

function inherent in neural network predictions. It has a stable and very fast convergence. It is suitable for 

the training of small-sized problems in ANNs. It is designed to work with a loss function, which is the Sum 

of Squared Errors (SSE) as the objective function. The following Eq. (7) calculates the objective function for 

the training process. 

where 𝓍 is the input vector, 𝓅 is the weight vector and ℯ(𝓃,𝓂) is the error function with 𝒩 patterns and ℳ 

outputs it is expressed in Eq. (8). 

where 𝓎(𝓃,𝓂) is the actual output vector, and 𝒹(𝓃,𝓂) is the desired output vector. 

The weight update procedure in the LM algorithm is calculated [111] as follows: 

In Eq. (9), ∆𝓌(𝓍, 𝓅) is computed as. 

Year Author and Reference Model Remark 

2017 M. Pakdaman, A. 
Ahmadian, S. Effati, S. 
Salahshour, D. Baleanu, 
[36] 

ANNs for function 
approximation 

The authors present a novel approach that utilizes 
ANNs to approximate solutions of Fractional 
DEs (FDEs). This method combines ANNs with 
optimization techniques to adjust network weights 
for accurate FDE solutions.  The method is 
compared to existing numerical techniques, 
demonstrating its efficiency with high accuracy, 
fast convergence, and low memory usage.  

2018 Jafarian et al. [109] Three-layered FFN with 
cost function, 
supervised 
backpropagation 
algorithm. 

This manuscript presents an approach using 
ANNs to solve linear Fractional Order Odes 
(FODE). This method uses a three-layer FFN 
with sigmoid activation functions and a supervised 
back-propagation learning algorithm. It converts 
the FODE into a minimization optimization 
problem and uses the least mean square error 
function to train the network parameters. Authors 
provide numerical examples and comparisons 
with standard methods, demonstrating the 
effectiveness of the ANN approach in solving 
FODEs. 

2023 Admon et al. [110] FFN with Vectorized 
Algorithm (FNNVA) 

The authors discuss the vectorized algorithm to 
efficiently implement FFNs for solving fractional 
DEs and focuses on exploring the effectiveness 
and efficiency of optimization methods such as 
gradient descent, momentum method and 
adaptive moment estimation in training the FFNs 
for solving fractional DEs. It discusses the 
advantages of using FFNs for numerical 
approximation of fractional DEs and compares 
the performance of FFNs through various 
number of hidden layers, learning rates and 
number of neurons. 

ℰ(𝓍, 𝓅) =
1

2
∑ ∑ ℯ(𝓃,𝓂)

2ℳ
𝓂=1

𝒩
𝓃=1 , (7) 

ℯ(𝓃,𝓂) = 𝓎(𝓃,𝓂) − 𝒹(𝓃,𝓂), (8) 

𝓌𝓀+1 = 𝓌𝓀 + ∆𝓌(𝓍,𝓅). (9) 

∆𝓌(𝓍,𝓅) = −[∇2ℰ(𝓍, 𝓅)]−1 
∇ℰ(𝓍, 𝓅), (10) 
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where ∇ℰ(𝓍, 𝓅) is gradient vector which is evaluated as. 

The ∇2ℰ(𝓍, 𝓅) approximates Hessian matrix that is. 

where ℐ is the identity matrix, μ is the positive coefficient, and 𝒥(𝓍, 𝓅) is the Jacobian matrix which is defined 

as follows: 

where 𝒫 is the number of weights. The above given information, the Eq. (9) can be written as 

The LM algorithm can be summarized for easy understanding in the following Fig. 11. 

 

Fig. 11. Flow diagram of traditional levenberg-marquardt algorithm. 

4.1|Local Modification of Levenberg-Marquardt Algorithm 

The traditional LM algorithm encountered computational complexity and memory consumption due to the 

size of the Jacobian matrix. Specifically, the structure of the Jacobian matrix was constructed only once per 

epoch. In this regard, [56] presented a method for optimizing the LM algorithm, i.e., Local Modification of 

LM (LLM). Consequently, it reduces the complexity associated with the size of the Jacobian matrix by 

partitioning the single Jacobian matrix into smaller ones and locally applying them to entire neurons within 

an epoch. As a result, the formation of Jacobian matrix of 𝒿𝑡ℎ neuron in 𝓃𝑡ℎ layer [56] is shown in the 

following Eq. (15). 

∇ℰ(𝓍, 𝓅) = 𝒥(𝓍, 𝓅)ℯ(𝓍, 𝓅). (11) 

ℋ ≈ ∇2ℰ(𝓍, 𝓅) = 𝒥𝑇(𝓍, 𝓅)𝒥(𝓍, 𝓅) + 𝜇ℐ, (12) 

𝒥(𝓍, 𝓅) =

[
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜕ℯ1,1

𝜕𝓌1

𝜕ℯ1,1

𝜕𝓌2
⋯

𝜕ℯ1,1

𝜕𝓌𝒫

𝜕ℯ1,2

𝜕𝓌1

𝜕ℯ1,2

𝜕𝓌2
⋯

𝜕ℯ1,2

𝜕𝓌𝒫

⋮ ⋮ ⋱ ⋮
𝜕ℯ1,ℳ

𝜕𝓌1

𝜕ℯ1,ℳ

𝜕𝓌2
⋯

𝜕ℯ1,ℳ

𝜕𝓌𝒫

⋮ ⋮ ⋱ ⋮
𝜕ℯ𝒩,1

𝜕𝓌1

𝜕ℯ𝒩,1

𝜕𝓌2
⋯

𝜕ℯ𝒩,1

𝜕𝓌𝒫

𝜕ℯ𝒩,2

𝜕𝓌1

𝜕ℯ𝒩,2

𝜕𝓌2
⋯

𝜕ℯ𝒩,2

𝜕𝓌𝒫

⋮ ⋮ ⋱ ⋮
𝜕ℯ𝒩,ℳ

𝜕𝓌1

𝜕ℯ𝒩,ℳ

𝜕𝓌2
⋯

𝜕ℯ𝒩,ℳ

𝜕𝓌𝒫 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

, ℯ =

[
 
 
 
 
 
 
 
 

ℯ1,1

ℯ1,2

⋮
ℯ1,ℳ

⋮
ℯ𝒩,1

ℯ𝒩,2

⋮
ℯ𝒩,ℳ]

 
 
 
 
 
 
 
 

, (13) 

𝓌𝓀+1 = 𝓌𝓀 − [𝒥𝑇𝒥 + 𝜇ℐ]−1𝒥𝑇ℯ. (14) 
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The Eq. (15) calculates each element as mentioned in the Eq. (16). 

It can observe that each node has only one output, automatically reducing the number of outputs in given 

equation. The following Eq. (17) calculates the weight update rule of the LLM algorithm for the respective 

neuron. 

Now, by using QR decomposition the above Eq. (17) can be converted into the matrix structure as follows: 

From Eqs. (18) and (19) the weight update vector of the corresponding node of LLM is calculated as 

mentioned below in Eq. (20). 

The Eq. (20) is the entry point to the QR decomposition. The performance of the QR decomposition is given 

in [56] that can be represented in Eqs. (21) and (22). 

The following steps can summarize the LLM algorithm. 

I. Calculate the feedforward neural network’s output by the given data. 

II. Perform the backpropagation algorithm and update the corresponding weights using Eqs. (15) and (16). 

III. Compute the error and go to the step IV. Then, compute the error criterion for Eq. (8). 

IV. Solve Eq. (11) to obtain updated weights of all nodes and compute the new error using updated weights also 

compute new error criteria for each node using Eq. (8). 

V.  Compare both errors (new and old). If new<old, divide 𝜇𝒿
𝓃 by β, then go to step I. If new>old, multiply 

𝜇𝒿
𝓃 by β. Then go to step I. 

VI. Continue this process until the target error is reached. 

4.2|Improved Computation for Levenberg-Marquardt Training 

In the traditional LM algorithm, more memory is required for storing the Jacobian matrix and conducting its 

multiplications. Therefore, the proposed modification of LM enhances both memory storage efficiency and 

time efficiency in Jacobian matrix multiplication [58]. Consequently, this adapted LM algorithm directly 

computes the Quasi-Hessian matrix and gradient vector without the need for Jacobian matrix multiplication. 

𝒥𝒿
𝓃(𝓍𝒿 , 𝓅𝒿) =

[
 
 
 
 
 
 
 

∂ℯ𝒿
𝓃

1,1

∂𝓌𝒿(1)

∂ℯ𝒿
𝓃

1,1

∂𝓌𝒿(2)
⋯

∂ℯ𝒿
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1,1
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⋮ ⋮ ⋱ ⋮
∂ℯ𝒿
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1,ℳ
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∂ℯ𝒿
𝓃

1,ℳ
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⋯

∂ℯ𝒿
𝓃

1,ℳ

∂𝓌𝒿(𝒫)

⋮ ⋮ ⋱ ⋮
∂ℯ𝒿

𝓃
𝒩,ℳ

∂𝓌𝒿(1)

∂ℯ𝒿
𝓃

𝒩,ℳ

∂𝓌𝒿(2)
⋯

∂ℯ𝒿
𝓃

𝒩,ℳ

∂𝓌𝒿(𝒫) ]
 
 
 
 
 
 
 

 . (15) 

𝜕ℯ𝒿
𝓃

𝒩,ℳ

𝜕𝓌𝒾𝒿
= 𝛿𝒿

𝓃𝓍𝒿
𝓃. (16) 

∆𝒿
𝓃𝓌𝒿(𝓍𝒿 , 𝓅𝒿) = [𝒥𝓃

𝒿
T
(𝓍𝒿, 𝓅𝒿)𝒥𝒿

𝓃(𝓍𝒿 , 𝓅𝒿) + μ𝒿
𝓃ℐ]

−1
𝒥𝒿

𝓃(𝓍𝒿 , 𝓅𝒿)
T
ℯ𝒿

𝓃(𝓍𝒿, 𝓅𝒿) . (17) 

ℬ𝒿
𝓃 = [𝒥𝓃

𝒿
T
(𝓍𝒿, 𝓅𝒿)𝒥𝒿

𝓃(𝓍𝒿 , 𝓅𝒿) + μ𝒿
𝓃ℐ]. (18) 

ℊ𝒿
𝓃 = 𝒥𝒿

𝓃(𝓍𝒿, 𝓅𝒿)
T
ℯ𝒿

𝓃(𝓍𝒿, 𝓅𝒿). (19) 

∆𝒿
𝓃𝓌𝒿(𝓍𝒿 , 𝓅𝒿) = [ ℬ𝒿

𝓃]
−1

ℊ𝒿
𝓃. (20) 

𝒬𝒥 
𝓃T

[ ℬ𝒿
𝓃]∆𝒿

𝓃𝓌𝒿(𝓍𝒿, 𝓅𝒿) = 𝒬𝒥 
𝓃T

ℊ𝒿
𝓃. (21) 

ℛ𝒿
𝓃∆𝒿

𝓃𝓌𝒿(𝓍𝒿 , 𝓅𝒿) = 𝒬𝒥 
𝓃T

ℊ𝒿
𝓃. (22) 
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The Hessian matrix ℋ of Eq. (1) of size 𝓃 × 𝓃 is derived as follows: 

The elements of the Hessian matrix can be obtained from Eqs. (7) and (23) as follows: 

From Eq. (24) is approximated as follows: 

where 𝓆(𝒾,𝒿) is the element of Quasi-Hessian matrix. 

From Eqs. (13) and (25), Quasi-Hessian matrix ‘𝒬’ can be computed as an approximation of Hessian matrix. 

The gradient vector ℊ of size 𝓃 × 1 is. 

The elements of ℊ can be computed by inserting Eqs. (7)-(27) as follows: 

From Eqs. (13) and (28), we obtain the following Eq. (29). 

Finally, the modified process of the LM algorithm can be obtained by Eqs. (26), (29), and (10) as follows: 

4.3|Stability and Boundedness Analysis of the Modified Levenberg-Marquardt 

Algorithm 

In the traditional Modified LM algorithm (MLM), it is noticeable that a determinant value of zero in the 

Hessian matrix indicates a singularity point in the learning rates. As a result, the LM algorithm does not 

guarantee stable error during training. This stability is crucial for ensuring consistent and reliable learning in 

neural networks. Therefore, it is necessary to find a way to modify the LM algorithm to ensure its error is 

stable. 

The updating weights of the MLM algorithm are defined as follows: 

Where  

ℋ =
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ℋ ≈ 𝒬 = 𝒥T𝒥. (26) 
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where (ℋ + αℐ)𝓀 is a Hessian matrix of MLM algorithm. 

The determinant of the Hessian matrix can be defined as follows: 

Where 

And 

Here, we use tanh in the hidden layer and a linear function in the output layer. 𝓌𝒾𝒿
𝓀 , 𝓋𝒾𝒿

𝓀  are the weights of 

the input to hidden layer and the hidden to output layer respectively, 𝓍𝓀 are the input values, ℊ(𝓏𝓀) is the 

activation function, β𝓀 is learning rate, 𝛼 is the learning factor, 𝒹𝓀 is the neural networks output, and 𝓎𝓀 is 

the data set actual values. The MLM algorithm of Eq. (31)-(35) is considered from [57]. 

According to [57], The MLM algorithm incorporates two modifications to ensure the stability of error and 

the boundedness of weights, as outlined below 

I. There is not a value of zero on the right side of Eq. (33) and there is not a singularity point of learning 

rate β𝓀 of the MLM algorithm. 

II. The MLM has only one learning rate. 

The above-mentioned LM modifications are successfully applied to various applications such as parity 

problem and Modified National Institute of Standards and Technology (MNIST) database, electric and brain 

signals dataset, various classification problems, and get better results as shown in Tables 8 and 9. 
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Table 8. Applications problems using modified levenberg-marquardt algorithm method in neural networks. 

 

 

 

 

 

 

 

 

Table 9. Results compared between the traditional levenberg-marquardt and modified LM. 

 

 

 

 

 

 

 

 

 

 

 

 

 

5|Conclusion 

This paper presents an in-depth examination of the application of ANNs in exploring DEs. It discusses the 

evolution of ANN over time and its wide-ranging utility. ANNs have become essential due to limitations 

inherent in analytical and numerical methods, as well as challenges associated with accessing comprehensive 

system datasets. Numerical techniques such as FDM, FEM, and FVM can incur significant computational 

costs, particularly with large-scale problems. Moreover, certain types of DEs may exhibit singularities or 

discontinuities, posing stability and convergence issues for numerical methods. In response to these 

challenges, alternative approaches like ANNs are being embraced for solving DEs. Following are the major 

features of ANN. 

I. Flexibility and effortless tackling of nonlinear functions. 

II. ANN acts as a universal function approximator, capable of accurately approximating any continuous 

function to arbitrary precision when provided with a sufficient number of neurons and layers. This 

characteristic empowers them to represent diverse solutions to DEs across a broad spectrum. 

III. ANNs have the ability to learn from input-output data, discerning patterns and relationships within the 

dataset. 

Base Algorithm Modification Application/Problem Analysis 

LM [58] 
Without computing the 
Jacobian matrix 

Parity problem and MINST 
database problem 

Improved memory and 
time 

LM [57] 

Modification on weight 
updating and hessian 
matrix and their 
determinant 

Electric and brain signals dataset 
Error stability and 
weight boundedness 

LM [56] 
Local modification on 
Jacobian matrix 

different classification problems 
Computational 
complexity and memory 
usage 

Applications Comparing parameter Method 

Traditional 
LM 

Modified LM 

Run Time (Milliseconds (ms)) 1.85ms 0.4ms 

Jacobian matrix size 11×35 11×8 

Run Time (Milliseconds (ms)) 52.94 6.02 

Jacobian matrix size 50×133 50×16 

Parity problem Memory used 79.21"Mb"  3.41"Mb"  

MNIST database problem Memory used "385.68Mb"  15.67"Mb"  

Training data set 0.1304 0.0555 

Testing data set 0.0925 0.0227 
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IV. ANNs offer computational efficiency in solving DEs compared to numerical methods, especially when 

confronted with extensive datasets. 

In summary, ANNs emerge as potent tools for tackling DEs, particularly in scenarios where numerical 

techniques encounter obstacles. Thus, ANNs find extensive applicability across various domains including 

science and engineering. This paper delves into the utilization of ANNs for solving DEs such as ODEs, 

PDEs. It underscores research efforts integrating ANNs with optimization techniques to enhance training 

efficiency and accuracy. 

Furthermore, the paper explores the structure of ANNs along with their diverse types and activation functions 

like sigmoid, tanh, ReLU, and SoftMax, alongside their advancements. Through this examination, it becomes 

evident that the traditional (LM) algorithm stands out as a robust training algorithm for ANNs. Additionally, 

modifications to the LM algorithm within ANNs are discussed, showcasing enhancements in the learning 

process. Leveraging the LM algorithm and its refinements for training ANNs enhances algorithm accuracy, 

reduces execution time, and optimizes memory usage. 
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