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Abstract

De novo programming is considered an essential tool for establishing optimal system design. This paper studies
the Multi-Objective De Novo Programming (MODNP) problem with Piecewise Quadratic Fuzzy (PQF) data
in the objective function coefficients. One of the best interval approximations, namely, the close interval
approximation of the PQF number, is applied to solve the MODNP problem. A necessary and sufficient
condition for the solution from the efficiency standpoint is established. A Min-max goal programming approach
with positive and negative ideals is proposed to obtain optimal compromise system design. The stability set of
the first kind corresponding to the optimal system design is defined and determined. The stability set of the first
kind corresponding to the optimal system design is determined. The steps of the proposed solution approach
are illustrated through numerical examples.

Keywords: Multi-objective de novo programming, Piecewise quadratic fuzzy numbers, Close interval
approximation, a-Fuzzy efficient, Goal programming, Optimal system design, Parametric study.

1| Introduction

Multi-objective decision-making solution approaches have an essential role in decision problem solutions.
According to the Decision Maker (DM) influence in the optimization process, Multi-Objective Optimization
(MO) methods can be classified as [1]:
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1. Methods where DM does not provide information (no-preference methods).
II.  Methods where a posteriori information is used (posterior methods).
III.  Methods where a priori information is used (ptioti methods).
IV. Methods where progressive information is used (interactive methods).

Wang and Chaing [2] applied the user preference-enabling method to solve general constrained nonlinear MO
problems. Kundu and Islam [3] introduced an interactive method to design a highly reliable and productive
system with minimum cost to solve multi-objective reliability optimization problems. Waliv et al. [4] studied
the effect of capital investment and warechouse space on profits and shortage cost through sensitivity analysis
and compared the efficiency of fuzzy nonlinear programming and intuitionistic fuzzy optimization techniques
to obtain the solution. Ahmed [5] proposed a method to solve MO problems with intuitionistic fuzzy
parameters. Liu et al. [6] introduced a new systematic method for determining an optimal operation scheme
for minimizing octane number loss and operational risks.

De Novo Programming (DNP) deals with the design of an optimal system design. Many researchers have
studied the DNP problem (for instance, [7]—[13].

Fuzzy sets theory, introduced by Zadeh [14], makes this possible. Fuzzy numerical data can be represented
by employing fuzzy subsets of the real line, known as fuzzy numbers. Dubois [15] extended the use of
algebraic operations on real numbers to fuzzy numbers by use of a fuzzification principle. Despite vast
decision-making experience, the decision-maker cannot consistently articulate the goals precisely. Decision-
making in a fuzzy environment, developed by Bellman and Zadeh [16], improved and was a great help in
managing decision problems. Zimmermann [17] proposed the fuzzy set theory and its applications. Many
approaches have been introduced for dealing with DNP problems [18], [19].

Goal Programming (GP) is one of the critical approaches in the multi-objective decision-making process,
which is the extension of linear programming with the achievement of target objective values. Charnes and
Cooper |20] first used the GP. Many authors applied GP in their research [20]—[23].

In his earlier work, Osman [25] introduced the notions of the solvability set, the stability set of the first kind,
and the stability set of the second kind and analyzed these concepts for parametric convex nonlinear
programming problems. Osman and El-Banna [26] studied the stability of multi-objective nonlinear
programming problems with fuzzy parameters.

This paper introduces a Piecewise Quadratic Fuzzy Multi-Objective De Novo Programming (PQF-MODNP)
problem with PQF data in the objective function coefficients. A GP approach is applied to obtain the optimal
system design.

The remainder of the paper is organized as follows: Section 2 introduces some preliminaries needed in this
papet. Section 3 formulates the mathematical model for a PQF MODNP problem. Section 4 characterizes
the a — efficient solutions for Problem (2). Section 5 investigates the goal-programming approach for
obtaining optimal system design. Section 5 gives a numerical example for illustration. Finally, some concluding
remarks are reported in Section 0.

2 | Preliminaries

To discuss the problem quickly, it recalls basic rules and findings related to fuzzy numbers, PQF numbers,

close interval approximation, and its arithmetic operations.

Definition 1 ([14]). Fuzzy number: A fuzzy number A is a fuzzy set with a membership function defined as
mz(x): R — [0,1], and satisfies:

I. Ais fuzzy convex, ie., mz(8 x + (1 — 8) y) = min{nz(x), mz(y) }; forallx,y € R;0 <8 < 1.

II. A isnormal, ie., 3%, € R for which mz(x,) = 1.

36



Abd El- Wahed Khalifa et al. | S.A.J. 1(2) (2024) 35-47

1. Supp (&) = {x € R: mz(x) > 0} is the support of A.
IV. mz(x) is an upper semi-continuous (i. e., for each a € (0,1), the a — cut set A, = {x € R: mz = o} is
closed.

Definition 2 ([27]). A Piecewise Quadratic Fuzzy Number (PQFN) is denoted by Apq = (a;,a5,a3,a4,as),
whetea; £ a; < az < a, < as are real numbers and are defined by whether their membership function Hapg

is given by (see, Fig. 7).

( 0, x<ay,
1 1 ( )2 ey <
——— X—2a1)°, a1 =X ay,
2 (az —ay)? ! ! 2
_ (x—a;)’ +1,a, < x <
—o——— = X—a ,dy S X < as,
2 (az —ap)? ’ ? ’
Hapo =31 1 2
———— X—a +1, az<x<ay
2(34—33)2( 3) 3 4
1 2
E@ls_—am(x—as),a4ﬁxﬁa5,
0, x> as.
\
Mipq
1.0
0.5
A
0 a; sy az Qg ag x

Fig. 1. Graphical _Representation of a PQFN.
Definition 3 ([27]). Let KPQ = (a,a,,a3,a,,as5) and EPQ = (by, by, bs, by, bs) be two PQFNSs. The arithmetic
operations on Apq and Bpq are.
L. Addition: Apg(+)Bpq = (a; + by, a; + by,as + bz, a, +by,as +bs ).
II. Subtraction: KPQ(—)EPQ = (a; + bg,a, + by,a; + bg,a, +by,ag + Dby ).

_ kay, kay kas ka, kag), k>0,
IIL. Scalar multiplication: kApq = {((kzl NSRS kZS)) =0
57 4 3 2 1) .

Definition 4 ([27]). An interval approximation [A] = [ag,ag] of a PQFN A is called closed interval
approximation if

ag = inf{x € R: pz = 0.5}, and a} = sup{x € R: pz = 0.5}.

Definition 5 ([27]). Let [A] = [ag, ag], and [B] = [by, bg] be two interval approximations of PQFN. Then

the arithmetic operations are.

I. Addition: [A](+)[B] = [ag + by, a} + b{],
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II.  Subtraction: [A](=)[B] = [ag — b{,at — bg],

aag aar],a>0,
II.  Scalar multiplication: o [A] = {[ a o

[aaf,aay],a<0.
IV. Multiplication: [A](X)[B]
[agb; +ag b} agby +a} bt ]

2 ’ 2
V. Division: [A](+ )[

2( A ) B] > 0,bs + bt £ 0
bz + b} b+b+ T e

+
p) B] < 0,bs + b % 0.
by + bl )’ b+b+ « @

VI. The order relations:

I.  [A](S)[B]if ag < by and af < b orag +at < by +bl..
II.  [A] is preferred to [B] if and only if ay = bg,ad = b{..

It is noted that P(R) c F(R), where F(R), and P(R) are the sets of all PQFNs and close in interval
approximation of PQFN, respectively.

3 | Problem Formulation

Consider a MODNP problem with PQF objective functions coefficients as

maxzp(x,ép]- )= ZEp]- Xj,p=1,P,

j=1
min W9(x, Coi) = ) Tgxpq=1,
j=1
Subject to 1
n
XEX=LKx"€EN: Zaijxj—biSO; ZrixizB;Xj =>0,j =1,n,.
j=1 i=1

Where, Tpj(p = 1,P) and Cgi(q = 1,Q) are PQF variables on R which are characterized by PQFNSs., x;(j =

1,n) and x; are decision variables for projects and resources, respectively. 1y, represents the price of resource
i, and B is the total availability budget.

It is noted that Problems (1) can be formulated as a continuous "knapsack" problem using the unit price of

resource constraints

n

maxzp(x,ﬁp]— ) = Zﬁpj Xj,p=1P,
j=1

min Wq(X, ﬁq] ) = quX]‘,q =1, Q
Subject to (2
x €X={x€R™:Vx<B; x; > 0,j = 1,n}.

Where, ZP = (Z},...,ZF) e RF, Wi = (W, ..., W) e R |, V=(V,..,V,) =pA € R, B is the total given
budget.
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Definition 6 ([28]). x* € Xis an o — efficient solution for Problens (2) if there is no x € X such that:
Z (%€ ) = Z(x", 8y ), o, ZPTA (R, Epo ) = 2P (X5, By ),
22(% Ty ) 2 2P (X', ), 2% (% Gy ) 2 2771 (, Cpay ) o

ZP(x,Tpj ) = ZP(x", Tpj ); W2 (x, 85 ) < WA (X%, &5 ), o)
WITH(x,Eq-1, ) < WITH(x",8q1, ), W, Tg5 ) S WI(x, 1),
\Wo (5 By ) < WO By ). o WOk g ) S WO By ) |

U

On the account of the extension principle,
Z1(x,8 ) = ZY(x", By ), o, ZPTH (X, €pog ) = ZPT(XY, B ),
ZP(x,€pi ) = ZP (X", €pj ), ZPY (%, Epunj ) = ZPF (X", Epsaf )s ooes
ZP(x,pj ) = ZP(x", Cpj i WH(x, 8y ) S WA(x", Ty ), o)
WA (%, Eqor ) < WITH(x", Eqn ) W(x,8g5 ) < WI(x", 8y ),
W (%, 841 ) S WX, Tqrag )y W3 Bgs ) S WX, Zq ),

= “)

Sup

(€1s:s CP; €100 CQ)ECXD

. uél (CI)J LNl llep_l (Cp—l)' uﬁp (Cp)i uﬁp_H (Cp+1)' L] IJ-EP (CP);
T e, (o), e “éq_l(cq—l)» Heg (cq), Uéq+1(cq+1)» HEQ(CQ) '

Whete
(cq, ..., Cp) € RPM: Zl(x, C1j ) > Zl(x*, Cyj ), "
C=1 2P (% cpo1j) ZZPTH (X" cpoa ). 2P (x5 ) 2 2P (X' ), 3)
ZPH (%, Cpyrj ) Z ZPHH(X paag ), o 20 (% cpy ) 2 27 (X7 cpy )
(cl, ...,CQ) € ERP(H):Wl(X, C1j ) < Wl(x*,clj ) wee)
D=< WI(x,¢cq1j) < WI(x*cqm1 ), WI(x,¢q5 ) S WI(x*,¢q5 ), -
WIt (X, cqpj ) € WIPL(X, Cqpnj )s s WX, Cg5 ) < WR(x", g5 )

He, (p = L_P) and Heg (q = 1,_Q) are (n X 1)- ary a —level sets.

4 | Characterizing of o —Efficient Solutions for Problem (2)

To characterize the a — efficient solutions for Problem (2), let us consider the following a — parametric
MODNP problem:

n
mapr(x, Cpj ) = Z Cpj Xj, P = 1,P,
j=1

n
min WI(x, cqi ) = z CqiXjpd=1,Q.
=1
Subject to ©)
X E X, ij (S (ﬁp])a and qu (S (Eq])a

Where, (€,;) and (€y;) denote the a — level sets of the fuzzy variables €,; and €. Based on the assumptions
of the convexity,uépj, (Ep]-)a; Mg (Eq]-)a, (j =1,nmp=1Pq= 1,_Q) are close intervals approximations of real

numbers that are denoted by [cgj(a), c;,’j((x)] and [caj((x), c:;j((x)]. Let xp; and xg; be the sets of nx 1
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matrices( cp;) with [cp;(), ¢fj(@)] (p=1,P) and (cg;) with [c5(@), ci(a)], (q = 1,Q). Problem (6) can be

rewritten as

max ZP (x, Cpj ),p =1,P,
min Wq(x, Cqj ), q=1,Q.
Subject to @)

X € X, Cpj Exgj and Cg; EXg‘j,p =1,P;q=1,Q.

Theorem 1. x* € X is said to be an a —efficient solution for Problem (2) if and only ifx* € X  is an
a —parametric efficient solution for Problen (6).

Proof: Necessity: Let x* € X be an a —efficient solution for Problem (2) and x* € X be not a a —n parametric

efficient solution for Problem (6). Then there are x* € X, Spj € Xpj and tgj € Xg;, P = 1,P;q=1,Q;j = 1,n. such
that

Zp(x, Spj ) > Zp(x*, Spj ) and Wq(x, ty ) < Wq(x*,tq]- )

Since, sp; € Xpj and tg; € Xgi,p = 1,P;q = 1,Q;j = 1,n. we have
Z(x4,8y ) = Z(x7, 8y ), o, ZPTE (L, B ) = ZPT(X5, By ),
ZP(x1,Ey ) = ZP(x, Ty ) 2% (51, Cpany ) = 207 (' By ) o
ZP (x4, ) = ZP(x", Cpj ); WA (x4, 8y ) < WA(x%, &), -or) > a
WAt (x!,€q-15 ) S WITH(x", Eqon ), WX, By ) < WX, Zg5),
\ WO gy ) S WG B ) o WO B ) S WO )

Contradiction the assumption that x* € X be an a —efficient solution for Problen: (2).
Sufficiency: Let X* € X be an a —parametric efficient solution for Problers (6) and x* € X be not an a —efficient
solution for Problem (2). Then, there are x* € X,p = {1, ...,P} and q = {1, ..., Q} such that
1(y2 & 1(* & —1(42 & “1(* %

Z (X ) Caj ) =7 (x , Gy ), e, ZP (x Cp-1, ) > 7P (X ,Cp-1, ),

2 x * X +1(2 = +1(* &
ZP(x%,8pj ) = ZP (X", €y ), ZPT (X2, Epir ) = ZPHH (X", Cpinj ) oo

P(2 Plo* = ). W1(x2 & 1(* &
Z (X,cpj)ZZ (X,Cp]‘),w (x,clj)SW(x,cij),..., >«

" WA (x2,8qo1 ) < WITH(x", Eoq ), WI(x2,8g5 ) < WI(x", Ty ), ’ ©)
Wt (x2,8q41 ) € WIH(X", Eg )s s WO(x2,8q; ) < WO(x",Eq;)
ie.,
Me,; GO Hep_y; (cp-1,). Hep; (cpy), Mepie) (Cp1j)s Mep; (cry);
(c1,mn Cp; flup cq)€CxD min Mey; (C1)), o Meg_y; (Cq-1)s Meg (Cai)s Hegyy; (Cqiai)s o Heg, (cqs) =
Where
(cq, ..., Cp) € RPXQxD). Z1(x,¢q5 ) = 2 (x5, ¢4 ), oo
C=9 ZP7 (% cp1j) ZZPH(x" cpmn ). ZP(x ) 2 ZP(x7, ),
ZP*1(x, Cp+1, ) = ZP* (X", cppaj ), 0 ZP(x, Cpj ) = ZP(x%, Cpj ).
And
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(¢, ...,CQ) € ERQ(““):Wl(XZ,cl]- ) < Wl(x*,clj ), wee)
D=4 WIH(x?cqo1j) S WITH (X" cqo1 ), WI(x% cq ) S WI(X", g5 ),
watl(x2, Cq+1 ) < wWatl(x7, Cq+1) ), e, WQ(x2, CQj )< WQ(X*,cQj ).

In the case for existing the supremum, there is (ulj, vy upj) € Cand (171]-, vy ij) € D with

min {“Elj (ulj), e Hep (ulj) } < a, and min {”ﬁlj (vli), o My (VQ]-) } < a, then
Hey; (G Mep_y; (cp-14), e, (cpy). Hepa (Cpr1j)s s Hep; (cpy)i
Sup min

(¢4, €P; €1, €Q)ECXD u‘~31]'(C1l')' e u(Niq—1,j(cq—1'i)’ Heg; (CQi)’ uéq+1,1'(cq+1'l')’ o Heg (CQi) @

This is a contradiction (4). Then there are (ulj, ) UP]') € Cand (Vlj, e VQ]-) € D with

min {“61]- (ulj), e s Mep; (up]-) } > o, and min {”Eu (vlj), oo My (VQ]') } >a,li e,
Upj € Xpj (P = L,P) and vg; € x§; (@ =1,Q). ©)

From Egs. (4) and (70), we conclude that x* € X is an o —parametric efficient solution for Problem (6).

| Min-max GP Approach

o —Parametric MODNP Problem (6) can be demonstrated using a min-max GP approach as mind
Subject to (10)
Zp(x, Cpj ) +1, —fp =7ZP% 1, <d,
lp
Yp— <dyp =2ZP" —ZP".
Yp
WA(x,cqj ) +1q — fqg = W,

dq
— < d, Wi —wa,
Yq

Vx < B,
cpj € [epj (@), ()], cqj € [cgi(@), ci(@)],p=1,P; q=1,Q j=1n0<d<1.

8q

Where, ZP* = maxZP, and W% = min W9, are the positive ideal solutions, respectively. Also,ZP* =
min ZP, and W9 = max W4 are the negative ideal solutions; respectively, y, and8, are positive weights, y, =
ZP* —ZP7, and yq = W9™ — W9 are the normalization of the positive and negative ideal solutions,
respectively.

Now, let us determine the stability set of the first kind S(&, €) corresponding to the a —optimal solution by
applying the following condition:

9pi(Cpj— ) =0,p=1,P;j=1,n,
Opj(cpj —Cpj) =0,p=LP;j=1,n,
9gj(Cqy —cg) =0,9=1,Qj=1,n,
Bgi(cq —Cqj) =0,a=1,Qj=1n

Where
[C;](a); C;]((X)] = LO((Ep]);p = 1, P,] = 1, n, and [Ca] (C(), Ca-j(a)]’q = 1’_(2

Consider the following cases:

L9y >0,p€Jyc{l,...P} 9y =0,p €]y,

94 >0,q€J; € {1,..,Q} 9, =0,q €],
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By > 0,i €], € {1,..,P}, 0, = 0,i €,
B > 0,i €], € {1,..,Q}0q = 0,i &J,.
Let M be the set of all proper subsets of {1, ..., P} and {1, ..., Q}. Then
{{(cl;]-, cpi)s (e cai) } € RFP2q: ¢ = €5, p € Iy, ¢ = Cpy, D € ]1,]
Sy,5, &0 = Cqj = Cqjr @ € J1, Cqj = Cqj, q & J1; Cpj = Cpj, P € J2, ¢y S P €2, L
Cqj = Cqjd € J2,Cqj =< Cqj q € J2-

Hence

5600 = | ] S0
]1']2€M

IL. 95, 0p5; g4, 0g; = 0, then

pj» Upjs Vqjs
o+ - o+ 2pX2q. ot > A L —
S,®.0) = { {(Cp]’ cp) (cq cg) JER e = Cppp=1,P, }
2N - —_— _ ~ .
]>Cq]; q=1Q; ijSij;p—lpc <Cq]:q:1:Q

Cq

II1. 9y, 855 Vgjs Ogj > 0, then
! ) - ct 2pX2q. ot — A . =1 P
S.(%,8) = { {(cpp i) (cgip ) JER tcf = Cpp=1P, }
+ _ A T - A o —
qu_cqj'q_l’Q’ ij_ij:p—l;P,qu—qu,q—l,Q

Hence

N)
O)

K

6 | Numerical Example

Consider the following problem
I. max 21 = Ellxl + 612X2 + 613X3, (PrOﬁtS).
II. max 22 = 621X1 + 622X2 + 623)(3, (Quahty).

1. maxZ3® = T3;%; + €35, + T33%3, (Workers Satisfaction).

Subject to (11)
12x4 + 17x, < 1400, Milling Machine).

3x1 + 9%, + 8x3 < 1000, (Lathe).

10x4 + 13x, + 15x3 < 1750, (Grinder).

6x, + 0x, + 16x3 < 1325, (Jig Saw).

0x; + 12x; + 7x3 < 900, (Drill Press).

X1, X3, X3 = 0.

With the price of resources p; = $0.75,p, = $ 0.6, p; = $0.35,p, = $0.50,ps = $1.15 and ps = $0.65, and
the budget level B = $4658.75,

¢11 = (20,30,50,60,80) ¢;, = (70,85,100,110,130),¢;3 =

(13.5,15.5,17.5,20.5,22.5),

,C21 = (85,90,92,97,105),¢,, = (60,70,75,85,100),¢,3 = (30,45,50,60,75),

¢3; = (10,18, 25,30,45),¢3, = (80,90,100,110,115), ¢35 = (55,75, 75,80,95).

Problem (11) can be formulated according to Problen (2) as
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maxZ! = € 1X; + C12Xy + C13X3, (Profits).

maxZ? = TyqXq + CppXy + Cp3X3, (Quality).

maxZ3 = C31xq + C35X, + C33X3, (Workers Satisfaction).
Subject to

23.475x, + 42.675x, + 28.7x5 = 4558.75,

X1, X3, X3 = 0.

The positive ideal solutions to Problem (11) are
maxZ! = 50x; + 100x, + 17.5x3,

max Z? = 92x,; + 75x, + 50x3,

max Z3 = 25x; + 100x, + 75x3

Subject to

23.475x1 + 42.675x, + 28.7x3 = 4558.75,
X1, X3, X3 = 0.

(12)

(13)

Table 1. Positive ideal solutions to problem (13).

Decision Variables Z! 72

Z3

X4 0
X, 106.8248 0
X3 0 0

maxZ'* = 10682.48

maxZ?* = 17866.03

194.1960 0

0
158.8415
maxZ3 = 11913.11

The negative ideal solutions to Problens (11) are.
minZ! = 20x; + 130x, + 13.5x3.

minZ? = 105x; + 60x, + 75xs.

minZ3 = 10x; + 115x, + 55x5.

Subject to

23.475x4 + 42.675x, + 28.7x3 = 4558.75,
X1, X3, X3 = 0.

(4

Table 2. Negative ideal solutions to problem (14).

Decision variables Z! 7?2 Z3

X4 0 0 194.1960
X5 0 106.8248 0

X3 158.8415 0 0

maxZ'* = 2144.360

maxZ% = 6409.490

maxZ® = 1941.960

Based on the positive and negative ideal solutions, Problem (11), referring to Problens (10), becomes mind

subject to

C11X1 + C12Xp + C13X3 + 1 — f; = 10682.48,

C1X1 + CyaXy + Co3x3 + 1, — £, = 17866.03,

C31Xq + C32Xy + C33%X3 + 13 — f3 = 11913.11,
b <d,

10682.48 — 2144.360

1
2 <d
17866.03 — 6409.490

I3
1191311 — 1941.960
23.475x, + 42.675x, + 28.7x3 = 4558.75,

X1, X2, X3 20,0<5d <1,

11 = [30,60], ¢yp = [85,110], ;5 = [15.5,20.5],
c;1 =[90,97],c,, = [70,85],cp5 = [45, 65],

c31 = [18,30],c3, = [90,110],c53 = [75,80].

— )

(15)
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Table 3. An optimal satisfactory
solution to problem (15).
Decision Variables Values

R, 89

Ci1 60

[P 110

Ci3 20.5

X, 17.311
[ 97

¢y 85

Cy3 80

X3 59.76241
C3y 30

C3y 110

Ca3 65

1, 2173.183
1, 2916

1, 2537.928
f, 0

f, 0

f, 0

maxZ! = 8529.34
maxZ? = 14885.43
maxZ3 = 8458.77
d = 0.2545271

It is clear that the results obtained by the proposed method are less than those obtained by Umarusman [13].
Hence, S(&,€) is determined by applying the following conditions:

9yj(eyj —¢ff) = 0,j =1,2,3,

95(8y — ;) =0, =1,2,3,

93j(24j — ¢f;) = 0,j = 1,2,3,94,9,j, 95 = 0.

We have J; € {1,2,3}. ForJ; = 0,945 = 95 = 95 =0,j = 1,2,3. Then

S, (2,0) = { c € R%:cyq = 60,cq5 = 110,¢q5 = 20.5,¢51 = 97,}
Jo A% Cyp = 85,C53 = 80,c3; = 30,,¢3, = 110,c33 = 65 )

For J, = {1},9;; > 0,9, = 0,95 = 0. Then

S (5\( 6) _ { cE ER(): C11 = 60, Cip = 110, Ci3 = 20.5,C21 = 97,}
22507 ey = 85, ¢53 = 80,c31 = 30,,c3, = 110,033 = 65 J°

FOI‘ ]3 = {2}, '81] = 0, '82] > 0, 193] = 0. Then

S (),Z e) — { cE 9{9: Cll = 60, C12 = 110, C13 > 20.5,C21 = 97,}
Ja\ % Cyp = 85,Cp3 = 80,¢3; = 30,,¢3, = 110,c33 = 65 J

For ]4, = {3},'81] = 0,'82]' = 0, 193] > 0. Then

S (),Z e) — { cE 9{9: Cll = 60, C12 = 110, C13 > 20.5,C21 > 97,}
Ja i Cyp = 85,Cy3 = 80,C31 = 30,, 035 = 110,033 = 65

For J5 = {1,2},95; > 0,9, > 0,95, = 0. Then

S (5\( e) — { cE mg:cll = 60, Ci2 = 110, Ci13 = 20.5,C21 = 97,}
SiY Cy2 = 85,Cp3 = 80,¢31 = 30,,C3, = 110,c35 = 65 )

For J4 = {1,3}, 945 > 0,9, = 0,93 > 0. Then

S (),Z 6) _ { CcE iRg: C11 > 60, C12 > 110, C13 = 20.5,C21 = 97,}
Je X" ™ ¢y, = 85, ¢53 = 80,c31 = 30,,c3, = 110,033 = 65 J°

FOI‘ ]7 = {2,3}, '81] = 0, \92] > O, \93] > O. Then

S (),Z ,e _ { ceE ER(): C11 = 60,C12 > 110, C13 = 20.5,C21 = 97,}
J7 5% N Coo = 85, C23 = 80, C31 = 30,,C32 = 110, C33 = 65 )

For Jg = {1,2,3},9; > 0,9, > 0,95 > 0. Then
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S (3.0 = {c € R%:¢yy = 60,cq, = 110,¢45 = 20.5,c5; = 97,}
Jg 1 N Cop = 85, Cy3 = 80, C31 = 30,, C3p = 110, C3365 '

Hence

8
SR, = U S (& 0).
k=1

7 | Conclusions

The De novo hypothesis provides meta0 optimum solutions at optimal levels for single and multi-objective
programming. This paper studies DNP in an uncertain environment. Close interval approximation of the
PQF number is applied to solve the MODNP problem. A necessary and sufficient condition for the solution
from the efficiency standpoint has been established.

A Min-max goal programming approach with positive and negative ideals has been proposed for optimal
compromise system design. The stability set of the first kind corresponding to the optimal system design has
been defined and determined. The advantages of this approach are that it can be applied to any environment

and enables the decision-maker to investigate real-world problems.
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