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Abstract

Hyperstructure theory, grounded in the powerset construction, offers a rich framework for modeling
relationships among elements in a set. Its extension, superhyperstructure, employs the n-th iterated
powerset to capture multi-layered hierarchical interactions [1]. A Finite Automaton is a machine with a
finite set of states, recognizing regular languages via transitions over input symbols (cf.[2, 3, 4]).

In this paper, we examine three computational models—classical finite automata, hyperautomata, and
superhyperautomata—Dby providing concise mathematical definitions, illustrative examples, and key
properties. Our presentation refines the powerset-based definitions originally given in [5], clarifying how
hyperautomata generalize classical automata and how superhyperautomata further generalize hyper-
automata. Through this unified treatment, we highlight the expressive hierarchies and closure properties
that distinguish these models.

Keywords: Hyperstructure, Superhyperstructure, Powerset, HyperAutomata, SuperHyperAutomata.

1|Introduction

We begin by recalling the definitions of the well-established concept. Throughout this paper, all sets and
structures under consideration are assumed to be finite. For further details on operations and related properties
of each concept, the reader is referred to the relevant references as needed.
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1.1|Hyperstructure and Superhyperstructure

A Hyperstructure is built upon the concept of a powerset, providing a framework to model relationships among
elements within a set [6, 7, 8, 9]. Extending this idea, a Superhyperstructure leverages the n-th powerset to
represent systems with multi-layered hierarchical relationships, enabling deeper abstractions and complexity
[1, 10, 11, 12, 13]. Below, we formally define the n-th powerset as a foundation for these structures.

[Base Set] A base set S is the foundational set from which complex structures such as powersets and hyperstructures
are derived. It is formally defined as:

S = {z | z is an element within a specified domain}.
All elements in constructs like P(S) or P, (S) originate from the elements of S.

[Powerset] The powerset of a set S, denoted P(S), is the collection of all possible subsets of S, including both
the empty set and S itself. Formally, it is expressed as:

P(S)={A| ACS}.

[n-th Powerset] (cf.[14, 15, 16, 17])

The n-th powerset of a set H, denoted P, (H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

P(H)=P(H), P,+1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted Pf(H), is defined recursively as:
P (H) = P*(H), Py,,(H) = P*(P}(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

To establish a comprehensive framework for understanding Hyperstructures and Superhyperstructures, we
present the following formal definitions and foundational concepts.

[Classical Structure] (cf.[14, 18]) A Classical Structure is a mathematical framework defined on a non-empty set
H, characterized by one or more Classical Operations that adhere to specific Classical Axioms. Formally:

A Classical Operation is a function of the form:
#o: H™ — H,

where m > 1 denotes a positive integer, and H™ represents the m-fold Cartesian product of H. Examples
include algebraic operations such as addition and multiplication in structures like groups, rings, and fields.

[Hyperstructure| (cf.[14, 18]) A Hyperstructure extends the concept of a Classical Structure by operating on the
powerset of a base set. It is formally defined as:

H = (P(5),0),
where S is the base set, P(S) denotes its powerset, and o is an operation defined for subsets within P(S).

[n-Superhyperstructure| (cf.[14, 18]) An n-Superhyperstructure generalizes the Hyperstructure by employing the
n-th powerset of a base set. Formally, it is defined as:

SHn = (Pn(S),0),

where S is the base set, P, (S) represents the n-th powerset of S, and o is an operation acting on elements of

Pn(S).

1.2|Finite Automaton

A Finite Automaton is a machine with a finite set of states, recognizing regular languages via transitions over
input symbols (cf.[2, 3, 4]). Let X be a finite input alphabet. Denote by ¥* the set of all finite words over 3,
including the empty word €.
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[Nondeterministic Finite Automaton] (cf.[2, 3]) A nondeterministic finite automaton (NFA) is a quintuple
A=(Q, %, 6. 0. F),
where
e () is a finite set of states,
e Y is a finite input alphabet,
e 0:QxX — P(Q) is the transition function,
® gy € Q is the initial state,
e F C (@ is the set of accepting states.

[Finite Automaton| Extended Transition Function: The transition function extends to §* : Q@ x ¥* — P(Q) by
recursion:

6*(g,e) = {Q}a 6" (q, wa) = U §(p, a),
pEs*(q,w)
forallge Q, we ¥*,and a € X.

Language Accepted: The language recognized by A is
L(A) = {we X" |6 (q,w) N F#a}.
A language L C ¥* is called regular if there exists an NFA A such that L = L(A).

Deterministic Finite Automaton: A deterministic finite automaton (DFA) is a special case of an NFA in which
the transition function § : Q X ¥ — @ is single-valued (equivalently, (g, a) is always a singleton). Every NFA
admits an equivalent DFA recognizing the same language.

2|Review: HyperAutomaton

We introduce the concept of a HyperAutomaton, which is defined using the powerset construction. The formal
definition is presented below (cf.[5]). Note that this definition has been refined based on the use of the powerset
construction, improving upon the version originally given in [5].

[HyperAutomaton| Let V5 be a finite set of base states. We define the hyperstate space as the powerset
P(Vo) ={X | X C Vo}.

[HyperAutomaton] (cf.[5]) A HyperAutomaton is a quintuple
H= (Qa 27 57 q0, F)v

where

Q C P(Vp) is the finite set of hyperstates.

Y. is a finite input alphabet.

§:Q xX — P(Q) is the hypertransition function, which assigns to each hyperstate and input symbol
a set of successor hyperstates.

® gy € Q is the initial hyperstate.
e I C Q is the set of accepting hyperstates.

[Finite-word hyperautomaton| The “finite-word hyperautomaton” (NFH) model presented in [19] (cf.[20, 21]) is
not an instance of the HyperAutomaton defined above. In our HyperAutomaton

H=(QCP(Vh), %, 6, q, F),

states are subsets of a fixed base set Vj and transitions map each hyperstate and input symbol to a set of
successor hyperstates. By contrast, an NFH operates over hyperwords (sets of words) and uses
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(1) a finite set of word-variables X,
(2) a quantifier prefix @ over X, and
(3) an underlying NFA over (X U {#})¥,

to accept or reject an entire set of words by universally or existentially quantifying over assignments. Its
“hyper-ness” arises from quantification over word-sets rather than from powerset-valued transitions on a single
base state set.

[Parity HyperAutomaton] Let the base state set be
VO = {q07 ql}a

intended to represent “even” and “odd” parity, respectively. Define the hyperstate set

Q= {{w}, {a}, {a0,1}} S P(V),
and let the input alphabet be ¥ = {1}. We introduce the hypertransition function § : Q x ¥ — P(Q) by
§({ao}: 1) = {{a1}},
d({am},1) = {{ao}},
5({(]07 q1}a 1) = {{QO}a {‘h}}'

Take the initial hyperstate to be

a0 = {ao},
and the accepting hyperstates

F={{qo}}.

Then the HyperAutomaton
H= (Q7 27 6a qaa F)

accepts exactly those unary words 1" for which n is even. Indeed, starting from {¢p} each input symbol “1”
toggles between {qo} and {q;}, while from the combined state {qo, g1} it can nondeterministically reach either
parity.

[HyperAutomaton as Hyperstructure] Let V be a finite base set and let
H = (Q, %, 0, q, F)
be a HyperAutomaton with @ C P(Vp). For each input symbol a € X, define the hyperoperation
0,:Q — P(Q), X = Xo, = §(X,a).

Then the algebraic structure

(Qv {Ou}aEE )
is a Hyperstructure over the base set Q@ = P(Vj).

Proof: By definition of a Hyperstructure (cf.[14]), one requires:
(1) A nonempty set of “elements,” here Q C P(Vp).
(2) A family of hyperoperations. We have exactly one hyperoperation o, for each a € X.
(3) Closure: For any X € @ and a € X, by the HyperAutomaton definition §(X,a) C @, so
Xou = 6(X,a) € P(Q).
establishing closure under each o,.

No further axioms are required for a general Hyperstructure. Hence (Q,{o,}) satisfies the definition of a
Hyperstructure. U
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[HyperAutomaton Generalizes Finite Automaton]| Let
A=(Q, %, 0, qo, I)
be a (possibly nondeterministic) finite automaton. Define
Vo=0Q, Q@=PW), ¢={n}, F={XCQ:XnNF#o}
For each a € X, define
Q' x¥ — P@Q), §'(X,a) = {6(g.a) | g€ X}.
Then
H = (Q/, ¥, 8, q0, F’)

is a HyperAutomaton which simulates A. In particular, for every word w € ¥*,

*(qo,w)NF #2 <=  §({q},w)NF #2.

Hence every finite automaton embeds as a HyperAutomaton.

Proof: Define the embedding f : Q@ — Q' by f(q) = {q}. Then:
o flao) ={a} = a-
e Foreach g€ Q and a € ¥, f(d(q,a)) = {d(q,a)} C 8'({g},a), so transitions agree under embedding.
e A state ¢ is accepting (¢ € F) iff {¢} N F’ # .
e By induction on |w|, one checks §*({q},w) = {6*(q,w)}.

Thus H recognizes exactly the same language as A, proving the generalization. O

3|Review: n-SuperHyperAutomaton

We introduce the concept of a n-SuperHyperAutomaton, which is defined using the powerset construction. The
formal definition is presented below(cf.[5]). Note that this definition has been refined based on the use of the
nth-powerset construction, improving upon the version originally given in [5].

[n-SuperHyperAutomaton] (cf.[5]) Let V; be a finite base state set. For each integer k > 0, define recursively
POVo) =V, PHH(Vo) = P(P"(V0).

[n-SuperHyperAutomaton] (cf.[5]) An n-SuperHyperAutomaton is a quintuple
S(n) = (Q7 Ea 5a qo, F)7

where

Q C P"(Vp) is the finite set of n-superstates.

Y. is a finite input alphabet.

0:QxY — P(Q) is the superhypertransition function, mapping each n-superstate and input symbol
to a set of n-superstates.

e o € Q is the initial n-superstate.
e I C (@ is the set of accepting n-superstates.

[Parity 2-SuperHyperAutomaton] Let the base state set be

VO = {qu ql}a

so that
P(Vo) = {2, {ao}. {a1}, {a0, a1 }},  P*(Vo) = P(P(Vo))-

We choose the set of 2—-superstates

Q={{{o}}, Ha}}, Hao}-{nr}}} € P*(V0),
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and let the input alphabet be ¥ = {a}. We define the superhypertransition function 6 : Q@ x ¥ — P(Q) by

I({ao}t} a) ={{{m}}},
I({art} a) = {{{ao}}},
i({{ao} {a1}}, a) = {{{ao}}, {{ar}}}-

We take as the initial 2-superstate

9% = H{ao}},

and as the set of accepting superstates

F={{{a}}}-
Then
sP=(Q, % 6 q, F)
accepts exactly those words a™ for which n is even. Intuitively, at the first level each symbol “a” toggles between

the level-1 subsets {qo} and {q¢1}, and at the second level the superstate records which subset was reached; the
accepting superstate {{go}} corresponds to even parity.

[Parity 3-SuperHyperAutomaton] Let the base state set be

Vo = {0, a1}
Then
PVo) = {2, {ao} {x1}. {a0, a1 }}, P*(Vo) =P(P(V)), P*(Vo) =P (P*(V))-

We choose the set of 3-superstates

Q= {{{{wo 1} {H{a}}}, {{{ao}}, Ha}}} € PP(W),
and let the input alphabet be ¥ = {a}. Define the superhypertransition function ¢ : @ x ¥ — P(Q) by
§({{{ao}}}, @) = {({{{es}}}},
S({{{a}}}, @) = {{{{ao}}}},
S({{{ao}}, Har}}}, @) = ({{{ao}}}, {{{an}}}}-

We take as the initial 3—superstate

a0 = {{{ao}}},

and as the accepting superstates

F={{{{eo}}}}-
Then

SB) — (Q, 3, 6, q(/)’ )
accepts exactly those words a™ for which n is even. At each level the symbol “a” toggles parity, and the nesting
ensures that the accepting superstate {{{qo}}} corresponds to even occurrences of “a.”

[n-SuperHyperAutomaton as n-Superhyperstructure] Let Vj be a finite base set and fix an integer n > 1. Let
S™ = (Q, %, 4, q, F)
be an n-SuperHyperAutomaton with @ C P"™(Vp). For each a € X, define
0,:Q — P(Q), X = Xo, = §(X,a).
Then
(Q» {oa}aGZ)

is an n-Superhyperstructure over the base set P"™(V}).
Proof: Recall that an n-Superhyperstructure is defined on the n-th powerset P™(V,) with one or more hyperop-
erations (cf.[1]). We verify:

e Underlying set: @ is nonempty and @ C P"(Vp) by assumption.

o Family of hyperoperations: We have one hyperoperation o, for each a € 3.
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e Closure: For any X € @ and a € X, the transition function gives
Xo, = §(X,a) C Q,
so each o, is closed on Q.

No additional axioms are necessary for the general notion of an n-Superhyperstructure. Therefore, (Q, {o,}) is
indeed an n-Superhyperstructure. O

[n-SuperHyperAutomaton Generalizes Hyper Automaton] Let
H=(Q, %, 6 q, F)
be a HyperAutomaton with @ C P(Vp). Fix an integer n > 1. Define
Q™ =P"(Vo),

&’ ={{{ @} }}
N—_—— N—_——

n—1 times n—1 times

F("):{{{--'{ X}y |X€F}.
n—1 times n—1 times

For each a € X, set

5 L Q) x 3 P(QM), 5(n)(y7a):{{{...{ X'} ‘ Y={{-{X }...}}}.

n—1 times n—1 times n—1 times n—1 times
Then
S0 = (QW, %, 6, ¢im | Fo)

is an n-SuperHyperAutomaton which simulates H. Consequently, every HyperAutomaton embeds into an
n-SuperHyperAutomaton.

Proof: Define the canonical nesting map ¢ : Q — Q™ by p(X) = {{---{X}---}} (n — 1 nestings). Then:
(1) ¢la0) = ag") and o(F) = F®.
(2) Forany X € Q and a € 3,
3 (p(X),a) = {p(X) | X' € 8(X,a)} = p(6(X, a)),
so transitions commute with ¢.
(3) By induction on the length of w € ¥*, one shows §*(o(X), w) = o(0* (X, w)).
Thus S recognizes the same language as H under ¢, establishing the embedding. O
[Extended Superhypertransition Function] Let S(™ = (Q, %, d, qo, F) be an n-SuperHyperAutomaton, and let
0% : Q X X* — P(Q) be defined by
0*(q,¢) = {q}, 6" (q, wa) = d(r,a) (weX' ael).

reé* (q,w)
Then for all ¢ € @ and all words u,v € ¥* we have
6" (q,wv) = 5% (r,v).

r€6*(q,u)

Proof: We prove by induction on |v].

Base case: If v = ¢, then

(g, ue) =" (qu) = |J {r}= |J & 0o

red*(q,u) red*(q,u)
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Inductive step: Suppose the claim holds for all words of length < k. Let v = wa with |w| = k and a € ¥. Then
0* (g, uwa) = U 0(t,a) (by definition of §*)
t€6*(q, uw)

and by the inductive hypothesis,

" (q, uw) = U 0" (r,w).

r€8*(q,u)
Hence
0*(q, vwa) = U U o(t,a) = U 0% (r, wa),
red*(q,u) t€S* (r,w) r€d*(q,u)
completing the induction. O

[Closure under Union] Let an) =(Q1,%,01,q01, F1) and SQ(n) = (Q2, %, 02, qo2, F2) be two n-SuperHyper Automata
with Q1 N Q2 = @. Then there exists an n-SuperHyperAutomaton S such that

L(S™) = L(S™) u L(S§).

Proof: Define
Q=Q1UQ2U{q}, ¢ ¢ QiUQ2, F=FUF.
For each a € ¥ define
01(g;a), g €Qu,
6(g,a) = { d2(q, a), q € Qa,
{qo01, o2}, ¢ =q0.
Set S = (Q, %, 0, 44, F'). Intuitively, from ¢ on the first symbol it nondeterministically “chooses” to simulate

either Sl(n) or Sén). A word w is accepted by S iff it is accepted by at least one of the two original automata,
proving closure under union. O

[Equivalence to Classical NFA] For every n-SuperHyperAutomaton S = (Q, %, 8, qo, F), there exists a (classical)
nondeterministic finite automaton A = (Q, 3, §’, qo, F') recognizing the same language, where

8 (q,a) =6(q,a) forallge @, a€X.
Hence { L(S™)) | 8 is an n-SuperHyperAutomaton} is exactly the class of regular languages.

Proof: Simply observe that an n-SuperHyperAutomaton already uses a transition function § : Q x X — P(Q)
just like an NFA. Define ¢’ = §. Then by induction on word length one shows 6*(go,w) N F # & in the n-
SuperHyperAutomaton iff the NFA A accepts w. This establishes that every n-SuperHyperAutomaton recognizes
a regular language, and conversely every NFA is trivially an n-SuperHyperAutomaton when viewed as having
superstates of nesting level n. O
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